We study the rectification of spin current in XXZ chains segmented in two parts, each with a different anisotropy parameter. Using exact diagonalization and a matrix product states algorithm we find that a large rectification (of the order of 10 4 ) is attainable even using a short chain of N = 8 spins, when one half of the chain is gapless while the other has large enough anisotropy. We present evidence of diffusive transport when the current is driven in one direction and of a transition to an insulating behavior of the system when driven in the opposite direction, leading to a perfect diode in the thermodynamic limit. The above results are explained in terms of matching of spectrum of magnon excitations between the two halves of the chain.
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Introduction: A key challenging problem for modern physics is understanding and controlling transport properties of many-body quantum systems. Important results have been obtained for boundary driven systems, i.e. for systems coupled to baths at their extremities. Numerical and analytical results have shown that, by tuning interactions, disorder, noise, external fields and coupling to the baths one can modify the transport properties and access different regimes, including ballistic, diffusive, subdiffusive, and insulating behavior [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] .
Gaining a deeper understanding and control of transport properties at the nanoscale can lead to important technological advances. For instance, many-body nonlinear dynamics might be exploited to design nonlinear devices like heat diodes and transistors [11] [12] [13] [14] . Quantum aspects in this quest are also attracting growing interest [15] [16] [17] [18] [19] . However, so far the relevance of phase transitions [20] [21] [22] [23] [24] for rectification has not been explored.
In this work we study a spin chain segmented in two parts, each with different anisotropy. We couple the chain to two different magnetization baths at its edges and study the spin current in forward or reverse bias. Even for relatively small system sizes (N = 8 − 10 spins), we find remarkable rectification (of the order of 10 4 ). We show that the rectification is due to a mismatch in the spectrum of magnon excitations of one partition of the chain compared to the other, a mismatch which only occurs in reverse bias. The mismatch is most prominent when one half of the chain is noninteracting (i.e. XX model), while the other has strong interactions (i.e. XXZ model in the gapped phase with large enough anisotropy). Our numerical and analytical results strongly indicate, in reverse bias, a transition to an insulating behavior beyond a critical value of the anisotropy, leading to perfect rectification in the thermodynamic limit.
Model:
We consider a bipartite spin-1/2 chain described by the Heisenberg XXZ Hamiltonian
where N (which we take to be even) is the total number of sites in the chain,σ α n , with α = x, y, z are the Pauli matrices for the n-th spin, J n and ∆ n are the strengths of the XX tunneling and the ZZ coupling, the anisotropy parameter being ∆ n /J n . The parameters J n and ∆ n are chosen such that ∆ n = ∆ L and J n = J L when n < N/2 and ∆ n = ∆ R and J n = J R for n > N/2. At the junction between the two halves of the chain ∆ N/2 = ∆ M and
The chain is coupled to two different baths at its extremities, each tending to impose a particular magnetization. The evolution of the density operatorρ obeys the Lindblad master equation [25, 26] 
where is the (reduced) Planck constant, L is the Lindbladian superoperator and the dissipator D n on sites n = 1, N is given by
Here,σ
, the parameter γ is the intensity of the coupling to the baths while the spin magnetization imposed by the baths is set by λ n . We use λ n ∈ [0, 0.5] and in most cases we focus on λ 1 and λ N to be equal to 0 or 0.5, i.e. on one side of the chain the bath tends to set the spins to be pointing down (|↓ n ↓| for λ n = 0) or to be in an equal mixture of up and down
The first case corresponds to the coupling to a magnet, acting as a reservoir for magnetization [27] , the second to a high temperature bath. The imbalance λ 1 − λ N imposed by the baths generates a spin current. For the 'forward bias' λ 1 > λ N the spin current flows from left to right, while for the 'reverse bias' λ 1 < λ N the current flows from right to left.
The spin current J is defined via the continuity equation for the local observableσ z n which gives J = tr(ĵ nρss ), whereĵ n = 2J n σ x nσ y n+1 −σ y nσ x n+1 / andρ ss is the steady state, L(ρ ss ) = 0. We refer to the forward(reverse) spin current as J f (J r ). To measure the spin current rectification, we calculate the rectification coefficient
In absence of rectification R = 1 while R tends to infinity for a perfect diode.
To observe a sharp signature of the rectification we also study the current contrast [17, 18] 
Note that the contrast C = 0 when there is no rectification and takes the value C = 1 for a perfect diode. Results: We study spin rectification in the above system by exact diagonalization for small chains and by a matrix product states algorithm for the evolution of the density matrices for larger systems [28, 29] . In most of our simulations we set J L = J R , ∆ R = ∆ M = 0 (no ZZ coupling on the right part of the chain and at the left-right interface) and vary the anisotropy on the left portion of the chain by changing the parameter ∆ L . We will then later discuss the case J L = J R and ∆ R = 0.
In Fig. 1(a,b) we show the forward and reverse-bias currents, J f and J r . Both currents decrease as the interactions (anisotropy |∆ L /J L |) increase, however we can notice a marked difference in the magnitude of the forward and reverse currents at a large enough anisotropy. Hence we study both the rectification R [ Fig. 1(c) ] and the contrast C [ Fig. 1(d) ]. We notice that the rectification sharply increases for |∆ L /J L | ≈ 1 + √ 2 (this precise number will be justified later) and, already for chains of size N = 8 − 10, it can reach values of 10 4 for an anisotropy |∆ L /J L | ≈ 4. The increase in the rectification becomes more pronounced for longer chains, suggesting the possible occurrence of a transition in the thermodynamic limit. To visualize this effect more clearly we study the contrast C, shown in Fig. 1(d) . We observe that, as the interactions increases, around |∆ L /J L | ≈ 1 + √ 2 the contrast changes from C ≈ 0 to C ≈ 1. It should be noted that in Fig. 1 which broadens the transition. In Fig. 1 (e,f) we show respectively the rectification R and the contrast C as a function of the system size N for different values of the anisotropy ∆ L /J L (and for J M J L ). There is indeed a sharp contrast between ∆ L /J L = 1.5 and ∆ L /J L = 3; for the latter the rectification is orders of magnitude larger.
To understand the change in the transport properties of the system with the increase in anisotropy, we first study the magnetization profile, σ z n as a function of the position n. In Fig. 2(a) we focus on the forward bias case. In the right half of the chain the magnetization is fairly constant, however, for large ∆ L /J L , a diffusive nature of transport is evidenced by the linear slope of the magnetization in the left half of the chain. For the reverse bias case the magnetization profile is very different, see Fig. 2(b) . In this case, for large anisotropy the change in magnetization becomes more marked, switching rapidly at the interface of the two half-chains between −1 and 0. Such large interface resistance implies a low spin current and suggests insulating behavior.
To confirm the insulating character of the system at large anisotropy and in reverse bias, we study the spin current as a function of the system size N . current hardly varies (∆ L /J L = 0.5) or decreases much more slowly (∆ L /J L = 1.5). We also investigate the magnetization at site n = 1. This site is directly coupled to a bath that tries to set the magnetization to −1. If the magnetization at site 1 is exactly −1, then there would be no effect of the bath on the chain, hence no transport (note in fact that in the forward bias scenario, the magnetization of the first and last spin does not match the one imposed by the baths). Hence we study in Fig. 2(d) the quantity δσ z = 1 +σ z 1 , which we refer to as the 'magnetization difference', versus the length of the spin chain, N , for different values of the anisotropy parameter. Here we notice that for ∆ L /J L = 3 and 5 the magnetization difference decreases exponentially as the system size increases, again a signature of an insulating regime, while, for smaller ∆ L /J L , the decrease is markedly slower.
The rectification mechanism: To explain the mechanism behind rectification and highlight the role of interactions, we study a small chain with a weak coupling between the two halves as well as with the baths, i.e. Fig. 3(a) we find that the contrast C versus the anisotropy has a resonant behavior, and, for certain values of ∆ L /J L , the contrast drops significantly, indicating almost no rectification; for ∆ L /J L 1 + √ 2, the contrast is close to 1, corresponding to strong rectification. Note that the use of small γ and J M allows to clearly identify the resonances which was not possible for the parameters chosen in Fig. 1(a-d) .
The observed dips and the general rectification mech- anism can be explained by the following considerations. Let us take two chains: one fully polarized, i.e.ρ ss,λj =0 = n |↓ n ↓|, while the other is at the infinite temperature state, i.e.ρ ss,λj =0.5 = n (|↑ n ↑| + |↓ n ↓|) /2. As soon as these chains are coupled together, any magnon excitation generated at the interface propagates, provided there is no energy gap in the set-up made by the two half-chains. If instead there is a gap, the excitation is localized, and cannot propagate through the system. As a result the system becomes insulating. We consider first the case for which the half chain with non-zero anisotropy is polarized, i.e.ρ ss,λj =0 (reverse bias), and we compute the energy required to generate a localized excitation at the edge. The magnon excitation spectrum for this half chain is given by the eigenvalues of the following Toeplitz bordered matrix [30] .
We plot these eigenvalues E ν,L in Fig. 3(b) as a function of ∆ L /J L for a half chain of length N/2 = 5 with red continuous lines. For large enough anisotropy the eigenvalues are confined between −2∆ L and −4∆ L . This chain is coupled to another one with no anisotropy, ∆ R = 0, prepared in the stateρ ss,λj =0.5 . The energy spectrum E ν,R for a single excitation in this chain is also given by the eigenvalues of (6) after exchanging J L with J R and setting the anisotropy to 0. The energies E ν,R are, for a large chain, within ±4J R and for a half-chain of N/2 = 5 they are shown in Fig. 3(b) with blue dashed lines. The energetic cost of generating a magnon excita-tion is thus given by E ν,L + E ν ,R . If E ν,L + E ν ,R = 0 for all ν, ν , then the generation of an excitation in the left and right halves of the chain requires to overcome an energy gap and transport will be hindered. The magnon excitation will be exponentially localized at the interface and will not be able to reach the baths. In Fig. 3(b) we use vertical black dashed lines to clearly show that when E ν,L = −E ν ,R (note that E ν ,R is symmetric around 0) the contrast is significantly suppressed because of the absence of a gap. In the thermodynamic limit for the reverse bias, the presence of a gap for the magnon excitation results in a marked change of transport properties. In fact, for longer chains, the spectrum for the half-chain without anisotropy approaches a continuum between ±4J R , hence there will be no significant rectification as long as the largest of the E ν,L is smaller than −4J R . This is why, for example, in Fig. 1(c,d ) the rectification and contrast are very small for low interactions. For large interactions, ∆ L /J L > 1, and in the thermodynamic limit, the largest eigenvalue for the magnon excitation is [31] . Hence, the critical anisotropy ∆ L,c , at which the rectification changes significantly, becomes
It is thus clear that for J L = J R , the critical anisotropy in the thermodynamic limit is ∆ L,c /J L = 1 + √ 2. This is consistent with the numerical results shown in Fig. 2(c,d) which show that the current in reverse bias decreases exponentially with the system size. For completeness, in [32] we also show a characteristic time scale needed for a magnon excitation to propagate in the chain. Our numerics indicate that, for interaction strengths beyond the critical value ∆ L,c , the time scale goes to infinity as the system size increases.
For the forward bias case instead, there will always be low energy excitations in the half-chain with non-zero anisotropy which can be matched by the quadratic chain, whose excitation spectrum does not change, resulting in good transport of excitations (for more details see [32] ). Hence there is a very different non-equilibrium response in forward and reverse bias.
Robustness of the rectification: It is important to study the robustness of the rectification to variations of the baths or Hamiltonian's parameters. First we consider the case for which the bath parameters λ n are not set exactly to either 0 or 0.5. The continuous blue line in Fig. 4(a) shows the contrast C when the parameter λ n which should be 0 (i.e. λ N in forward bias and λ 1 in reverse bias) is detuned by an amount δλ, while the other is kept at 0.5 (red continuous line). The contrast is close to 1 as long as δλ < 10 −2 , while for δλ = 0.1 the contrast is C ≈ 0.5 corresponding to a rectification coefficient R ≈ 3. We now consider instead the case when the maximum value of λ n is not 0.5 but 0.5 − δλ (while the other is kept at 0). In this case the rectification is large and robust, as signalled by a contrast C close to 1 even at δλ = 0.1 (blue dashed line). The rectification is thus very robust to changes of one of the bath parameters (the one that sets the local magnetization to 0), while more care is needed in ensuring that one of the baths is almost completely polarized.
In Fig. 4(b) we show how the contrast C changes as we keep J L = J R and vary both ∆ L and ∆ R . The contrast is pronounced when the modulus of the anisotropies is different, with largest contrast when one of the two is 0. This is expected because a larger excitation gap is present when one half of the chain is quadratic. The symmetric behavior is due to the spectrum invariance for a change of all ∆ n → −∆ n .
Conclusions: We have shown the possibility of large spin-current rectification even in short segmented spin chains. In the thermodynamic limit, our results are consistent with the prediction of an insulating behavior for reverse bias, leading to a perfect diode. The key ingredient for such effect is the presence of a magnon excitation gap between the two chains, which is possible because of large enough anisotropy in one half of the system. It is important to stress that in our set-up the rectification is maximum when half of the chain is quadratic (XX chain).
Materials whose spin dynamics is well described by Heisenberg chains with ∆ L /J L = 1.2 or larger have been already studied [33] . Such anisotropy can suffice to obtain large rectification if such material is matched to one with lower tunnelling parameter J R < J L and negligible anisotropy (∆ R = 0) as shown from Eq. (7). We also point out that recent proposals [34] [35] [36] and experiments with Rydberg atoms trapped with optical tweezers offer tremendous opportunities to engineer spin Hamiltonians with arbitrary values for the ratio ∆ L /J L [37, 38] . More-over, cutting-edge technologies using adatoms on surface [39] or trapped ions [40] [41] [42] provide alternative frameworks for obtaining our proposed spin chain model. The rectification, here demonstrated for spin currents, is also expected for heat currents imposed by heat baths, due to the mismatch in spectral response between the two portions of the chain. More generally many-body interactions and phase transitions in the non-equilibrium scenarios are opening the door to the design of highly performing quantum devices, a research direction which should be further investigated.
Supplementary material
Response in forward bias for the anisotropic case For the forward bias, the left-half of the chain with ∆ L = 0 has a more complex response to a spin-flip at its edges. However we can show that there are low frequencies modes that can be matched with the right half of the chain. We consider the two-time correlator S(t) = σ (|↑ n ↑| + |↓ n ↓|) /2 |↓ N/2 ↑ |. Considering (i) the symmetry of the Hamiltonian to a global spin-flip, (ii) the fact that the Hamiltonian preserves the magnetization and (iii) focusing on the states near zero total magnetization (which are indeed present inΩ), it is easy to see that for half-chains of odd length there is a non-zero response of S(ω) at ω = 0, while for even chains there be a finite response for a frequency which vanishes as the system size increases. For example let us considerζ = |↑↓↓ ↑↓↑| for a half-chain of length N/2 = 3, which is included inΩ: For small dissipation, the Hamiltonian evolution, given by dζ/dt = L(ζ) = −(i/ ) Ĥ ,ζ , connectsζ to other states whose total number of spins up (or down) in the bra and in the ket remains unchanged (for examplê ζ = |↓↓↑ ↓↑↑|). The evolution due to the anticommutation with the Hamiltonian is given by the difference of two phases. But since the Hamiltonian is symmetric to a global spin-flip, and since the total number of spins up minus spins down is opposite between the bra and the ket (in this example it is −1 for the ket and +1 for the bra), then there is a finite response for S(ω) at ω = 0.
Propagation time in the reverse bias scenario
Here we give another indication of the presence of a transition to an insulating regime in the reverse bias scenario. Let us consider two chains each of length N/2: an XXZ chain (with anisotropy ∆ L and tunnelling J L ) prepared with spins all pointing down, and an XX chain (J R = J L ) prepared in the infinite temperature state. We then connect these chains with an XX−type of cou- pling with small magnitude J M and study the ensuing dynamics. Note that here no baths are used, but we just study Hamiltonian dynamics. We focus in particular on the spin of the XXZ chain closest to the interface between the two chains. At time t = 0 this spin is pointing down, i.e. σ z N/2 = −1 and if the chain is not insulating, its polarization will change. We then compute the propagation time t at which σ z N/2 (t * ) = −1 + where is a small positive number which we take here to be 10 −2 . In Fig. S1 we show the inverse of the propagation time 1/t as a function of the interaction ∆ L for various chain lengths, each indicated by a different symbol. Note that for the empty symbols the magnetization at site N/2 has not yet reached the value 1 − despite the long time evolution (of the order of 1000J/ ); Hence we just plot the longest simulated time, which is a numerical lower bound to t . We see clearly that as the size of the system increases, the inverse of the propagation time goes quickly to 0 as soon as the anisotropy exceeds a critical value close to J L (1 + √ 2) as predicted in the main article.
